Abstract -The theoretical bases for prediction of solubilities are provided by thermodynamics and statistical mechanics. In many cases statistical mechanics yields the chemical potential as an equation including several terms. While one or more terms may be fully determined theoretically, the parameters in other terms must be evaluated empirically at present. Then the solubility is obtained by equating the chemical potential for each species in different phases or by minimizing the total Gibbs energy at constant pressure and temperature.
INTRODUCTION
Thermodynamics provides a structure of the quantities required for the calculation of solubilities together with valuable relationships between these quantities and other measurable properties of the substances involved. From statistical mechanics one obtains valuable equations based on molecular models where the form of the equation and some terms may be fully determined from theory while the numerical values of parameters in other terms remain to be determined from experiments on the systems of interest. These procedures, however, allow a few experiments to determine the well-defined parameters from which predictions can be made for wide ranges of composition, temperature, and pressure. After a brief summary of equations and status of knowledge for solids the primary emphasis will be on the properties determining solubilities in mixed aqueous electrolytes. In this area there have been major advances in the last decade; these will be reviewed in some detail. Brief comments will be added about other types of solubility systems at the end.
GENERAL THEORY
The basic theory for a solubility equilibrium is well known. At constant temperature and pressure the equilibrium lies at the minimum of the Gibbs energy, G. G=nipi (1) i Here is the chemical potential of the substance or species of which there are n. moles. If the species i is present in more than one phase, this requires that be the same in each phase. For a phase of variable composition, it is convenient to define activities a. for each species as follows: RTthai=i_Pi (2) where p.° is the chemical potential in a defined standard state. Both a's and p's are functions of T and P; p° is independent of composition but both p and a are also dependent on composition variables which may be defined as molalities or mole fractions.
For aqueous solutions the composition is ordinarily given by the molalities mi of all solute species where mi is the number of moles of i per kilogram of water. Then for a neutral solute the activity is ai = miii (3) 1600 K. S. PITZER with -r the activity coefficient. In the case of a strong electrolyte, MX, which dissociates into VM positive ions, M, and negative ions, X, of molality m and m, respectively, the activity becomes aNX = (lyM)M (nxyx)X (4) One cannot determine absolute values of y's for ions. One procedure is to define a mean activity coefficient which is unambiguous, "N X l/\) -Y± = 'X (5) with v = \))( then V VM VX aMX=-Y± mM mX (6) Each electrolyte has its own -ç and v; an additional subscript, MX, is implied for each.
It can be shown, however (ref. 1) , that one can write equations for and where the only ambiguity is a term which cancels for the product for any charge type. It is optional whether equations for -ç are used or those for and
The former are given in (ref s. 1 and 2) for the general Thtatistical model described below. whereas we will give the separate equations for and y. In a complex mixture such as seawater including minor components, the number of possible ç is much larger than the number of and hence, the latter system is advantageous. -
The conventional standard state for aqueous solutions is taken at infinite dilution where all become unity. The activity of water is related to the osmotic coefficient, .
where N is the molecular mass of water in g and the sum covers all solute species. Water is given tie subscript 1 for aqueous solutions. The Gibbs-Duhem equation relates the composition dependence of l to that of the various solute and therefore to the various y. or
In the case of a hydrated crystal; with molecules of water as well as M positive ions, N, and v negative ions, X, the total chemical potential becomes = (VMVN°+ + p0p 0)/RT + 2n(m) + v n(mfx) + '0Pn a1 (8) where the last term is related to the osmotic coefficient through equation (7) .
For the calculation of the solubilities of solids in aqueous solutions one requires the i. values for the solids and for the species in solution. If the solids have fixed compositions, the values equal the i? and are functions only of P and T. The relationships between the dependencies of on1P and T and volumes, entropies (or enthalpies) and heat capacities are well known. The data base for these quantities is well organized (ref s. [3] [4] [5] . While there are inaccuracies and voids at higher temperatures where research is needed, the methods are well established and will not be discussed further here. If the solid has variable composition, then the depends also on composition variables. This is an important field and a few comments will be made subsequently concerning it.
ACTIVITIES IN MIXED ELECTROLYTES
The recent advances which have made it feasible to predict solubilities of a wide variety of salts in complex mixed electrolytes have concerned the activities or chemical potentials of various species in the liquid. We turn now to that topic.
Equations
For nonideal gases the virial series, an expansion in increasing powers of the concentration, is a valuable expression and the successive coefficients are related by statistical mechanics to the potentials of interaction of molecules pairwise, threefold, etc. The McMillan-Mayer (ref. 6 ) formulation of solution properties allows the same expansion, but now the solute interactions are given by the potentials of mean force in the solvent. Also the Theoretical considerations ofsolubility 1601 relationships apply strictly to conditions of osmotic equilibrium with pure solvent, but for semi-empirical applications the same form of equation may be used with coefficients determined from macroscopic measurements at constant pressure. These equations apply to neutral molecules or solute species, but Mayer (ref. 7) showed that the statistical equation for an ionic system could also be transformed to a virial expansion. For the ionic system, however, there is an additional term, which is found to be exactly the Debye-HUckel limiting law, and all of the virial coefficients now become dependent on the ionic strength.
The virial expansion is in terms of concentrations of solute species, but at moderate concentrations the molalities are nearly proportional to concentrations. Concentration is an inconvenient measure of composition since it depends on pressure and temperature. Thus, it seemed a good, practical procedure to recast the virial expansion into a series in molalities with the result for the excess Gibbs energy (ref. (9); these are now commonly called the Pitzer equations. The first term on the right includes the Debye-Hückel limiting law while nw is the number of kg of solvent, Xi(I) is the second virial coefficient (or ioninteraction parameter) with the dependence shown on the ionic strength, I.
Here z is the number of charges on the particle. In equation (9) the third virial coefficient i.k also depends in principle on I, but in most cases this can be ignored. An exception was found recently (ref. 9) where the ionic strength dependence of p was significant. The virial series continued, of course, to fourth and higher order terms but these are only rarely needed. Also i•k can ordinarily be ignored when all three interacting particles have the same sign of charge. This is reasonable since the virial coefficients arise from short-range interparticle forces and the electrical repulsion keeps like-charged particles away from one another most of the time. Note that this p.
•k is not the chemical potential. The X and p depend on temperature and pressure but on 13 composition only through the ionic strength.
While the Mayer theory introduced just the Debye-ffückel limiting law as the additional term, it is found that there is a redundancy between extended Debye-Hickel terms and the ionic strength dependence of the second virial coefficients. The latter can be simplified by making f(I) a simple extended form, specifically
where b is a constant selected to be 1.2 kg½. mol independent of temperature, pressure, or solute type for the full range of applicability of this type of equation. A is the Debye-HUckel parameter given by (l/3)(2vN0d/l000)1'2 (e2/ckT)3"2 (12) with c the relative permittivity and d the density of the solvent. The factor 4re, precedes c for SI units. w
The requirement of electrical neutrality precludes the evaluation of A1. or p.
•k for individual ions; rather one evaluates terms for neutral combinations as 13 follows: (14) cc The appropriate derivatives of equation (9) with respect to nw and mi yield the osmotic and activity coefficients: 
= cc' + c' (22) Sums over I include all solute species; uncharged species do not contribute to I or Z. For equations (17) and (18), Ci. and lPi.k were assumed to be independent of ionic strength; if these quantities are I dependent, there are additional terms.
The ionic strength dependency was first studied for the osmotic coefficient and the best simple expression was found to be (ref. (23) where and are constants at a given P and T and are characteristic of the interaction of the ions N and X. A transformation related to equation (9) then yields = + g(a1½) (24) B = g'(a11)/I (25) g In the case of 2-2 electrolytes there is an electrostatic ion pairing at quite low concentration which must be represented. Many investigators assume an additional species, the MX ion pair, with its own chemical potential, etc. This treatment involves an iterative solution for the amount of ion pair present. Actually, better agreement with experiment is obtained (ref. 12 ) by a modification of equations (23 to 25) by the addition of a third tern of the same form as the second.
B =
+ 4 exp(_a11½) + 4 exp(_a21½) (28) Theoretical considerations ofsolubility
The coefficient of the additional term is large and negative. It can be shown that the initial effect of this term at low concentration is the same as that of the ion association reaction with = -K/2 where K is the association constant. For aqueous 2-2 electrolytes at 298 K the optimized value of 2 is 12 kg . mol and for these cases u1 = 1.4 kg . mol 2• These values of 1.4 and 12 for l and n2 can be held independent of P and T for many applications. However, there are theoretical reasons for taking u2 to be proportional to the Debye-HUckel parameter A. These matters are discussed in detail in ref. 13 .
The terms in and i for mixing different ions of the same sign appear only for mixed electrolytes. They are expected to be small because like-charged ions repel one another and therefore will seldom be close enough to have significant short-range interaction. Also, from equations (15) and (16) one notes that these terms are differences between small quantities and, therefore, are even smaller in magnitude. Nevertheless, these small terms are needed in many cases to yield quantitative agreement with experiment at moderate or high molality.
In principle a depends on ionic strength since the x's have that dependence. Also for unsymmetrical mixing such as Na+ with Ng+2, there is a large ionic-strength dependence of which arises from long-range forces and is given by theory (ref s. 14 and 15). Thus one writes ij = 0ij (33) where E0 and E0v are the terms arising for unsymmetrical mixing from purely electrical forces for which the theoretical formula involves the ionic charges and the solvent properties c, d, etc. The remaining term 0 arising from short-range forces is taken as a constant for any particular c,c' or a,a' at 3a given T and P.
The quantity 0ij in equations (31) and (33) is independent of ionic strength and is tabulated for various pairs of ions of the same sign. Even when the ions have the same charge there may be an ionic-strength dependence which would add ionic-strength dependent terms to equations (31) - (33) , but this effect is very small and is usually neglected. Recent calculations of heats of mixing (ref. 9), however, find this effect to be significant in some cases. With future measurements of activity and osmotic coefficients at higher precision, there will be need to recognize the ionic-strength dependence of the 4's for symmetrical mixing, but for the present this can usually be ignored. The remaining parameters Oi(f0r and ijk can be evaluated from activity or osmotic coefficient data for common-ion mixtures. Thus, for 0N K and 'Na K Cl interaction one may measure the osmotic coefficient in NaC1-KC1 solutions. The 0 . parameter is independent of the ion of opposite charge. Thus, all data for Na+_K± mixingiJare considered together (NaCl -KC1, NaNO3 -KNO3, Na2SO4 -K2S04, etc.) to determine a single value of 0Na,K and values of the various Na K Cl' Na K NO etc. The solubility of a solid salt in a commonion mixture depends on a i value, and the best values of i for many cases come from solubility data (refs. 18 and 19).
There ). These sources of osmotic coefficients at high temperatures are excellent for concentrated solutions but often lack precision for dilute solutions.
The other general method involves calorimetric measurements of heats of dilution and of mixing and heat capacities. This information gives the temperature derivatives of the various parameters and the expressions can then be integrated from 298 K to the temperature of interest. As a test, the parameters for Na2SO4 were determined by use of heat capacity data up to 473 K together with heats of dilution and other data at 298 K (ref. 28) . Comparison with high-temperature osmotic-coefficient data was reasonably satisfactory, but a better set of parameters was derived from fitting to the combined set of all data.
There are now an extensive array of data for the most important aqueous solutes extending upward in temperature. Where the second temperature derivatives are given by accurate heat capacity measurements, extrapolation of the parent parameters should be valid to considerably higher temperatures. Tables 1-4 
Pressure effects
The effect of pressure on the chemical potential is given by the molar or partial molar volume and can be determined from density data. For moderate pressures, these effects are usually small but can be significant. Thus, the pressure dependency of the various parameters for solution properties are of interest and have been determined for a number of solutes. As an example, the changes in the parameters from saturation pressure to 1 kbar (100 NPa) for NaC1(aq) are given in 
SOLUBILITIES IN AQUEOUS ELECTROLYTES
The solubility of a solid in a mixed aqueous electrolyte can be calculated by minimizing the Gibbs energy or by setting the chemical potential of the solid equal to that for the same material in solution, equation (8) . Both methods are iterative; an initial solution composition is assumed and then improved in successive approximations until the criteria are satisfied within acceptable limits of precision. There are various mathematical methods for this calculation (refs. 18,30); they will not be discussed in detail here. Table 6 compares the predicted and observed compositions of the solutions at each of these fixed points (the unstated molality of C1 is determined from electrical neutrality). The agreement is remarkably good throughout and is probably within experimental error. Harvie and Weare (ref. 18 ) present in addition a number of solubility calculations for other systems; one is for CaSO4 solubility in NaCl -Na2SO4 solutions. Figure 1 shows two of these comparisons which indicate excellent agreement for the present solution equations and poor agreement for earlier methods (ref 5. Harvie et al (ref. 19 ) have considered the even more complex system Na-K-Mg-Ca-H--Cl-S04-OH-HC03-C0-C02-H20 with comparable success. In this extended system, however, it is necessary to consder the dissociation equilibria of water and carbonic acid in addition to the solubility of the various solids.
32-34).
Calculations for high temperatures There are several published calculations related to the solubility of NaC1 in H20 to 300°C that the sodium sulfate parameters could be extrapolated from 200 to 300°C with useful results but that there were substantial departures at 350°C.
An especially demanding case at high temperature is that of a 2-2 electrolyte where there is increasing electrostatic ion-pairing as the temperature rises. 
Gases
For solubilities in low-pressure gases one can assume the ideal gas law or, at somewhat higher pressures, add the effect of the second virial coefficients. But at high gas densities and with strong interactions, higher order terms become significant.
An interesting case is the solubility of solid NaCl in high-pressure steam (ref. 38) . In this case the NaC1 is almost all in the ion-pair form in the gas, but virial coefficients involving several water molecules interacting with one NaC1 must be included. The primary effect is attractive; hence, one may think of this virial series as a set of successive hydration equilibria: NaC1(H20).1 + H20 = NaCl(H20).
Strictly, there are repulsive effects which also enter the exact equations for the virial coefficients. Once the virial coefficients and their temperature derivatives have been determined, the solubility of NaC1 in steam can be calculated over a wide range of conditions. 
